It is proved that a left continuous ring with ascending chain condition on essential left ideals is left artinian.
Introduction
It is well known that for left or right self-injective rings diverse chain conditions on certain classes of left ideals are actually equivalent to the minimum condition on the lattice of all left ideals. Recently, Huynh-Dung and PageYousif proved independently that a left or right self-injective ring with ascending chain condition on essential left ideals is left artinian. In this paper we prove the preceding result by assuming that R is left continuous instead of being left self-injective. Examples are given to show that one-sided continuity and one-sided chain conditions may not necessarily yield the continuity or chain conditions on the opposite sides.
Preliminaries
As defined by Utumi, a ring R is called left continuous if (i) every left ideal of R is essential in a direct summand of R and (ii) every left ideal isomorphic to a direct summand of R is itself a direct summand [6] . Continuous modules are defined analogously. Throughout, all rings have identity element and all modules are unital. Z(RR), J(R), and Soc(RR) will denote, respectively, the left singular ideal, the Jacobson radical, and the left socle of a ring R.
We record below some well-known results often referred to in the proof of our theorem. Proof. See Utumi [6] .
The following lemma has recently been proved independently by HuynhDung and Page-Yousif. For completeness we include here its proof by HuynhDung [2] . Proof. This is a special case of [4, Theorem 13].
The result
Theorem. Let R be a ring with ascending chain condition on essential left ideals. since R is continuous. Thus, A/7 is singular and hence injective as an Rmodule. Also, by Lemma 4, B is ,4-injective and so B is ^/7-injective. Now from R/7 ~ A/7 x B, it follows by invoking again Lemma 4 in the other direction that R/7 is continuous. Since a ring each of whose cyclic left (right) modules is continuous is always semiperfect ([3, p. 201]) , the regular ring R must be semisimple artinian. Hence by Lemma 2, R is semiperfect.
(ii) By Lemma 2 and Lemma 1, 7? is semiprimary. Write R = ©¿3,-=i Re, as a direct sum of indecomposable left ideals. Since each Re( is continuous, Soc(Re(.) is simple or zero and so Soc(RR) is finitely generated. Thus by Lemma 3, R is left noetherian and hence R is left artinian because R is semiprimary.
(iii) Let R be a ring with only three right ideals 0, J(R), and R, which is not left artinian (see [ (ii) Contrary to the fact that for a right self-injective ring R the minimum condition on one side implies the minimum condition on the other side and the left self-injectivity of R, the example in part (iii) of the theorem shows that a right continuous right artinian ring need not be left artinian or left continuous.
(iii) A two-sided artinian ring with one-sided continuity is not necessarily continuous on the other side:
Let R be a ring with only three left ideals 0, J(R), and R, which is a right artinian with composition length 3 ([1, Example 7.11'.2, p. 338]). R is clearly left continuous. However, R is not right continuous. For otherwise, by Remark (i), R would be quasi-Frobenius, and hence uniserial with composition length 2 (on either side).
